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ABSTRACT 
The convective and r a d i a t i v e  heat t r a n s f e r  t o  e n t r y  
vehic les  p ro tec t ed  by a b l a t i o n  heat  sh i e lds  i s  inves t i -  
gated.  The e f f e c t  of mass i n j e c t i o n ,  r a d i a t i v e  emission 
and absorpt ion,  r ad ia t ion  cooling, and coupling between 
convection and r ad ia t ion  a r e  included i n  the  ana lys i s .  The 
absorpt ion coe f f i c i en t s  of t h e  shock l a y e r  gas, including 
t h e  pyro lys i s  products species ,  a r e  determined a s  a func t ion  
of  p a r t i c l e  number dens i ty ,  temperature, and r a d i a t i o n  
frequency. An i n t e g r a l  method i s  used t o  obta in  an approxi- 
mate so lu t ion  t o  the  momentum equation. This approximate 
so lu t ion  y i e l d s  t h e  ve loc i ty  p r o f i l e s  which a r e  used t o  
solve the  species  cont inui ty  and energy equat ions.  The 
l a t t e r  two equations a r e  solved numerically by means of a 
f i n i t e  d i f fe rence  type method. Typical  r e s u l t s  for the  
shock l a y e r  s t ruc tu re  and convective and r a d i a t i v e  heat ing 
are presented.  They ind ica t e  t h a t  t he  absorpt ion of the  
molecules added by ab la t ion  does not s i g n i f i c a n t l y  a f f e c t  
t h e  r a d i a t i v e  hea t  f l u x  t o  the  surface;  t h i s  was t r u e  f o r  
mass i n j e c t i o n  r a t e s  up t o  5% of the  f r e e  stream mass f l u x .  
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I V  
ve loc i ty  p r o f i l e  coe f f i c i en t s  
Planckian r ad ia t ion  i n t e n s i t y  
mass f r a c t i o n  of j t h  spec ies  
e lemental  mass f r a c t i o n  of i t h  element 
t o t a l  spec i f i c  heat  a t  constant  pressure  
f rozen spec i f i c  heat a t  constant  pressure  
spec i f i c  hea t  a t  constant volume 
l i g h t  ve loc i ty  
e f f e c t i v e  b ina ry  d i f fus ion  coe f f i c i en t  of species  j 
e f f e c t i v e  elemental  b ina ry  d i f fus ion  c o e f f i c i e n t  
r a d i a n t  emission per u n i t  t i m e  pe r  u n i t  volume 
i n t e r n a l  energy a t  0 K 
exponent ia l  funct ion 
Gibbs free energy func t ion  
ve loc i ty  func t ion ,  u/u6; a l s o  molecular band f-number 
t o t a l  enthalpy 
s t a t i c  enthalpy, also Planck constant  
0 
s t a t i c  enthalpy of j t h  spec ies ,  including enthalpy of 
formation. 
s p e c t r a l  r ad ia t ion  i n t e n s i t y ,  energy p e r  u n i t  time, 
area, s o l i d  angle,  and frequency. 
x i  
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mass conservation i n t e g r a l  
momentum-integral 
t o t a l  thermal conduct ivi ty ,  a l s o  Boltzmann constant  
r eac t ion  thermal conduct iv i ty  
t r a n s l a t i o n a l  thermal conduct ivi ty  
i n t e r n a l  thermal conduct ivi ty  
f rozen thermal conduct ivi ty  
~ ~ ~ i l l b i - ~ ~ ~ f i  C U U  iari i a t  constant  pressure  
Loschmidt number 
L e w i s  number of j t h  spec ies  
molecular weight of spec ies  j 
def ined as number of grams of elements pe r  gram of 
spec ies  j .  
molecular weight of mixture 
mass f l u x  of py ro lys i s  products  
mass f l u x  a s soc ia t ed  wi th  sur face  r e a c t i o n s  
numher dens i ty  
p a r t i a l  pressure of , j th  spec ies  
s t a t i c  pressure  
t o t a l  P rand t l  number, Pr = C p/k 
P 
frozen P rand t l  number, Pr = ?! p/k 
convective energy f l u x  
r a d i a t i v e  energy f l u x  
body r ad ius  
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pe r fec t  gas constant 
Reynolds number, pg,o co 
body r ad ius  measured from body c e n t e r l i n e  
entropy 
Schmidt number of element i 
temperature 
free- stream ve loc i ty  
ve loc i ty  i n  10 fps  
ve loc i ty  component p a r a l l e l  t o  body, a l s o  non- 
dimensional frequency, hv /kT 
ve loc i ty  component normal t o  sur face  
n e t  ra te  of production of spec ies  j 
body-oriented coordinate system 
%,o 
v / q  
4 
number of grams of element .i per  gram of pyro lys i s  
product . 
shock detachment d is tance  
transformed shock detachment d i s t ance  
d i f fe rence  between body and shock angle  
Dorodnitzyn var iab le  
body angle ,  a l s o  kT 
body curvature  
1 + Ky 
volumetric absorpt ion coe f f i c i en t ,  cm -I 
r a d i a t i o n  mean f r e e  pa th  
x i i i  
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collision integral f o r  viscosity 
collision integral for diffusion 
kinematic viscosity, also frequency 
nondimensional surface distance, x/R, also 
Bib erman function. 
density 
density ratio across shock, p,/p, 
effective cross section, o* = u V / ~  
u 
monochromatic optical thickness 
shock angle 
parameter used in computing transport properties of 
a mixture. 
vorticity, also solid angle 
CN cyano molecule 
co carbon monoxide molecule 
C2H, C3H, c p ,  
C& hydrocarbon molecules 






















i t h  element 
j t h  chemical species 
n i t rogen  molecule 
ni t rogen atom 
ni t rogen  ion  
oxygen molecule 
oxygen atom 
oxygen ion  
t o t a l  
w a l l  q u a n t i t i e s  
q u a n t i t i e s  immediately behind shock 
free-s t ream condi t ion 
s tagnat ion  po in t  
Superscr ip t  
dimensional quant i ty  
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Section 1 
INTRODUCTION 
The hea t ing  encountered by a supe ro rb i t a l  vehic le  e n t e r i n g  a p l ane ta ry  
atmosphere i s  so severe that a b l a t i n g  hea t  sh i e lds  a r e  requi red .  The 
i n j e c t i o n  of py ro lys i s  products i n t o  the  shock l a y e r  can g r e a t l y  compli- 
ca t e  i t s  s t r u c t u r e  by chemically r eac t ing  w i t h  t he  a i r  species .  I n  add i t ion ,  
sur face  mass t r a n s f e r  can have a very s i g n i f i c a n t  e f f e c t  on both t h e  convec- 
t i v e  and r a d i a t i v e  heat  t r a n s f e r .  For e n t r y  v e l o c i t i e s  i n  the neighborhood 
of 50,000 fps ,  the  a b l a t i o n  r a t e s  can be l a rge  enough t o  blow the  viscous 
l a y e r  o f f  t h e  w a l l .  When t h i s  occurs,  t h e  convective hea t ing  i s  reduced 
e s s e n t i a l l y  t o  zero and the only mode of hea t ing  i s  r a d i a t i o n .  The a b l a t i o n  
vapor l a y e r  w i l l  absorb the r ad ian t  f lux  inc ident  upon it and t h u s  reduce 
the  r a d i a t i o n  t o  the sur face .  The absorpt ion of r a d i a n t  energy depends on 
the  s p e c t r a l  d i s t r i b u t i o n  of the  inc ident  r a d i a t i o n  and the  absorpt ion co- 
e f f i c i e n t  of t h e  spec ies  present  i n  the vapor l aye r .  Hence, t he  eva lua t ion  
of t h e  r a d i a n t  energy t r a n s f e r  t o  the sur face  r equ i r e s  knowledge of t h e  
shock-layer temperature p r o f i l e ,  species  number dens i ty  d i s t r i b u t i o n ,  and 
spec ies  absorpt ion c o e f f i c i e n t .  The shock-layer p rope r t i e s  are i n  t u r n  
dependent on the  r a d i a n t  energy t r a n s f e r  so tha t  t he  problem i s  coupled. 
The ob jec t ive  of t h i s  inves t iga t ion  i s  t o  examine t h i s  coupled problem i n  
d e t a i l .  This  paper i s  an extension of t he  ana lys i s  presented i n  Ref. (1) 
t o  include a d e t a i l e d  examination of the  e f f e c t  of ab la t ion .  
nylon-phenolic i s  picked as a t y p i c a l  a b l a t o r  and 20 species  a r e  considered, 
I n  t h e  a n a l y s i s  
+ - 
v i z .  C ,  C , C2,  H, €I+, H2, N, “t, N2, 0,  Of, 02, e,  CN, CO, C2H, C H, C4H, 3 
C2H2 and CHN. 
The d i f f u s i o n  of a p a r t i c u l a r  species i s  assumed t o  occur as if the gas 
were a b ina ry  mixture,  one component being the  p a r t i c u l a r  species  i n  quest ion,  
The shock-layer gas i s  assumed t o  be i n  chemical equi l ibr ium. 
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with  t h e  other  component represent ing  t h e  remaining spec ies .  
The r ad ian t  energy t r a n s f e r  i n  t h e  a i r -py ro lys i s  product mixture i s  eval-  
ua ted  spec t r a l ly .  For atomic and ion ic  spec ies ,  only t h e  continuum absorp- 
t i o n  coe f f i c i en t s  are employed. Line absorpt ion c o e f f i c i e n t s  are neglected.  
For t h e  molecular spec ies ,  the  smeared band model i s  adopted for t he  purpose 
of eva lua t ing  t h e  molecular l i n e  absorpt ion c o e f f i c i e n t s .  
An important phys ica l  mechanism i n  the  shock-layer flow i s  t h e  coupling be- 
tween t h e  i n v i s c i d  and viscous reg ions  c rea t ed  by r a d i a n t  energy t r a n s f e r .  
'l'his coupling i s  taken i n t o  account by consider ing t h e  e n t i r e  flow region 
between the shock and the  body simultaneously.  
i s  t h a t  it e l imina tes  the  necess i ty  of matching the  frequency-dependent rad- 
i a t i o n  flux a t  the  inv isc id-  v i s c i d  i n t e r f a c e .  The conservat ion equat ions 
are f i r s t  s impl i f ied  by means of t he  t h i n  shock-layer approximations. The 
momentum equation i s  solved by the  Karman-Pohlhausen i n t e g r a l  method while 
t h e  d i f fus ion  and energy equat ions are solved by a f i n i t e  d i f f e rence  type 
method. 
complete d e t a i l s  ot' the  shock- l a y e r  s t r u c t u r e .  
The advantage of t h i s  approach 
The so lu t ion  y i e l d s  t h e  convective and r a d i a t i v e  hea t ing  as we l l  as 
2 
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Sect ion 2 
m L Y  SIS 
2 . 1  GOVERNING EQUATIONS 
I n  t h i s  a n a l y s i s  a d i r e c t  so lu t ion  t o  the r ad ia t ing ,  viscous,  blunt-body 
problem i s  sought. The conservat ion equations a r e  f irst  s impl i f i ed  by 
assuming t h e  shock l a y e r  t o  be th in ;  i . e . ,  6 /R<<l .  I n  add i t ion ,  t h e  thick-  
ness  of t h e  viscous region i s  taken t o  be of t h e  same o rde r  of magnitude as 
t h e  shock- l a y e r  thickness .  Since t h e  shock-detachment d is tance  i s  O ( p )  and 
t h e  th ickness  of t he  viscous region i s  O(l/& ), we have f o r  a viscous 
shock l aye r ,  i - l/ &. The t h i n  shock- layer  equat ions are a l s o  v a l i d  when 
t h e  viscous region i s  confined t o  a narrow region near  t h e  w a l l  (p>>S/ @) . 
The approximate equat ions v a l i d  f o r  t h i n  shock l aye r s  can be obtained from 
t h e  conservat ion equations (Ref. 2 )  by neglec t ing  a l l  terms of O ( p  ) and 
higher .  
i n  Fig.  1. 
owing equat ions v a l i d  t o  O ( i ) .  
-2 
The body-oriented coordinate  system used i n  t h i s  ana lys i s  i s  shown 
Carrying out t he  order-of-magnitude ana lys i s  r e s u l t s  i n  t h e  f o l l -  
x- momen t u n  
Y- moment urn 
3 
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_ -  tan E = ___-___ (1 + ~'6') dx' \ 
X '  \ 
\ 
6' = [ (1 + ~'6') tan E dx' + 6; 
r '  = r '  + y '  sin 8 w 
Fig. 1 Body-Oriented Coordinate System 
4 
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Energy 
+ C P  
For terms of O ( 6 )  i n  t he  above equations we have s e t  
be cons i s t en t  with our  order-of-magnitude approximation. 
t i o n s  t o  the  higher  order  terms are made throughout t he  ana lys i s .  
equa t ions  d i f f e r  s l i g h t l y  from the  t h i n  shock-layer equat ions presented by 
Hayes and Probstein ( R e f .  3)  s ince  our ana lys i s  i s  not  r e s t r i c t e d  t o  stagna- 
t i on -po in t  flows. 
= l and r = r ( x )  t o  
These approxima- 
These 
The s impl i f i ed  shock l a y e r  equat ions,  Eqs. (1-5) form a s e t  of 
pa rabo l i c  p a r t i a l  d i f f e r e n t i a l  equat ions.  I n  p r inc ipa l ,  with i n i t i a l  da t a  
given a t  the  s tagnat ion  poin t ,  i . e . ,  along the  l i n e  x = 0, these  equations 
can be in t eg ra t ed  about the  body. Such an approach r equ i r e s  t h e  simultaneous 
development of t h e  shock boundary by i n t e g r a t i n g  the  geometric r e l a t i o n  ( c f .  
F ig .  l), 
dS' /dxl  = (1 + x ' 6 ' ) t a n  € 
5 
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We have followed an a l t e r n a t i v e  approach i n  which an i n i t i a l  i t e r a t i v e  e s t i -  
mate on the shock curvature  d4/dx i s  spec i f i ed  for a l l  x. 
i n t e g r a t i n g  the  shock curvature ,  t h e  shock-detachment d is tance  i s  determined 
t o  within an a r b i t r a r y  constant .  
s tagnat io-poin t  so lu t ion  for 6(x = 0 ) .  The technique of p re sc r ib ing  the  
shock boundary has more s igni f icance  than a p r a c t i c a l  method of so lu t ion .  
Since t h e  governing equations a r e  parabol ic  with c h a r a c t e r i s t i c s  given by 
x = cons t . ,  then the  problem i s  mathematically not  well-set i n  terms of 
i n i t i a l  data prescr ibed  along the  charac te rTs t ic ,  x = 0. The s p e c i f i c a t i o n  
of boundary data along the  " s t r i p s "  def ined  by the  body and shock leads t o  
a w e l l  s e t  problem 2nd nne ~ h f e h  ic stz5le t o  ii.auei.i.cal i n t eg ra t ion .  
Note t h a t  by  twice 
The a r b i t r a r y  constant  i s  taken from t h e  
A t  t he  s tagnat ion po in t ,  symmetry condi t ions provide a l l  b u t  one boundary 
condi t ion necessary t o  determine a so lu t ion .  
i s  e i t h e r  t h e  s tagnat ion-point  shock curvature  or shock-detachment d i s t ance .  
I n  the  present  a n a l y s i s  t he  unknown boundary condi t ion i s  suppl ied by assuming 
t h e  shock i s  concentr ic  t o  the  body a t  t h e  s tagnat ion  po in t ,  i . e . ,  d 4 / k  = 
de/&. The i t e r a t i v e  method mentioned above (see  a l s o  Sec. 4 Numerical 
Method) for determining the  shock shape f o r  x > 0 serves  only as a means for 
obta in ing  the  so lu t ion  which corresponds t,o the  assumed i n i t i a l  condi t ion  
a t  the  s tagnat ion po in t .  It does not  y i e l d  any information about t he  accuracy 
of the  assumed i n i t i a l  condi t ion .  Hence, t h e  s o l u t i o n s  a r e  dependent on t h e  
assumed i n i t i a l  condi t ion.  
The remaining boundary condi t ion  
The r ad ia t ion  t e r m  E '  i n  t he  energy equat ion s p e c i f i e s  t h e  n e t  emission or 
absorpt ion of r ad ian t  energy pe r  u n i t  volume p e r  u n i t  t ime.  
assuming t h e  shock l a y e r  i s  l o c a l l y  one-dimensional. That i s ,  f o r  any value 
of x, temperature and dens i ty  g rad ien t s  i n  t h e  x d i r e c t i o n  a t  a l l  po in t s  
ac ross  the  shock l a y e r  are neglected i n s o f a r  as r a d i a t i o n  t r a n s p o r t  i s  con- 
cerned.  In add i t ion ,  t h e  geometric approximation i s  made t h a t  t he  shock- 
l a y e r  geometry i s  t h a t  of an i n f i n i t e  p lane  slab. 
It i s  c a l c u l a t e d  
6 
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It i s  c l e a r  t h a t  without the  one-dimensional approximation the  r ad ia t ion  
t r anspor t  ca l cu la t ion  i s  much more d i f f i c u l t  t o  perform. More s i g n i f i c a n t l y ,  
the  parabol ic  charac te r  of the  t h i n  shock-layer equat ions i s  destroyed as 
inf luence can now be propagated upstream v ia  the  r ad ia t ion  f i e l d .  The 
approximation of replacing the  shock-layer geometry by an i n f i n i t e  plane 
s lab  requi res ,  f o r  o p t i c a l l y  t h i n  shock layers ,  t h a t  t he  shock-layer thick-  
ness be small r e l a t i v e  t o  the  l o c a l  rad ius  of curvature ,  i . e . ,  €I/%< 1. For 
o p t i c a l l y  t h i c k  shock l aye r s  t he  requirement f o r  t h e  plane slab approximation 
i s  t h a t  t h e  mean f r e e  path f o r  r ad ia t ion  be small compared t o  the  l o c a l  
r ad ius  of curvature ,  i .e .  , hR/Ri< 1. 
R 
Hence, t he  plane s lab  approximation becomes more accurate  i n  the  important 
s p e c t r a l  ranges when the  shock l a y e r  i s  o p t i c a l l y  th i ck .  Indeed, Kennet 
and Strack (Ref. 4) show t h a t  f o r  o p t i c a l  depth uni ty ,  t he  plane s l ab  
approximation i s  i n  e r r o r  by only 5$ f o r  an isothermal  sphe r i ca l  shock l aye r .  
Concerning t h e  approximation of one-dimensional temperature and dens i ty  
f i e l d s ,  Koh (Ref. 5 )  has inves t iga ted  t h e  e f f e c t s  of the  non-isothermal 
temperature i n  t h e  r ad ia t ion  flux a t  the  s tagnat ion poin t  of a sphere and 
found only a 3% di f fe rence  from an isothermal so lu t ion  when the  shock l a y e r  
has an o p t i c a l  depth of uni ty .  Hence, t h e  one-dimensional p l ane -pa ra l l e l  
slab model can be used t o  obta in  quan t i t a t ive ly  v a l i d  r e s u l t s .  
Except f o r  the  l o c a l l y  one-dimensional t reatment ,  t h e  r ad ia t ion  term i s  eval-  
uated i n  an exact  manner. 
o p t i c a l l y  t h i n  o r  o p t i c a l l y  t h i c k  shock l aye r s  a r e  made. Ins tead  a f u l l  in- 
t e g r a l  t reatment  of t he  emission and absorpt ion processes  i s  made. Moreover, 
t he  r a d i a t i o n  t r anspor t  i s  performed i n  terms of a d e t a i l e d  s p e c t r a l  ana lys i s  
using r e a l i s t i c  absorpt ion coe f f i c i en t s .  The s p e c t r a l  t r anspor t  so lu t ion  
shows that  gray gas approximations using a Planck mean opaci ty  produce r e s u l t s  
which a r e  i n  e r r o r  by a s  much as an order  of magnitude (Ref. 6 ) .  
No approximations r e s t r i c t i n g  the  ana lys i s  t o  
The r ad ia t ion  f lux  divergence can be expressed as 
In  Eq. (6), xW i s  the  volumetric ( s p e c t r a l )  absorpt ion c o e f f i c i e n t ;  
t he  l o c a l  r ad ia t ion  in t ens i ty ;  Bv i s  the equi l ibr ium ( i  . e . ,  Planckian) 
r a d i a t i o n  i n t e n s i t y .  
' is  
Solving for t he  i n t e n s i t y  under the  one-dimensional approximation and per- 
i ' n m n i n n  tk,? ;,4 <--.--42 -1- - - - - -  - tz L ~ l u L b L . I c l . ~ I u I l  ~ V E L  so l i ;  a i l g k  ind ica t ea  oy Eq .  (b) leads t o  t h e  
Lollowing expression f o r  t he  flux divergence ( R e f .  7 ) .  
, ,\ 
wliere T i s  I h c  o p t i c a l  depth a t  frcquency w,  
W 
B i s  the  s p e c t r a l  Planckian i n t e n s i t y ,  v 
2hv' 1 Bv = - 2 exp(hv/kT) - 1 
C 
C n ( t )  i s  t he  exponent ia l - in tegra l  of order n,  
m 
exp( - t z )  
n dz 
Z 
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I n  a r r i v i n g  a t  Eq. (7)  it has been assumed t h a t  t h e  medium outs ide  t h e  
shock wave n e i t h e r  emits ,  absorbs,  or r e f l e c t s  r a d i a n t  energy and the  body 
surface a c t s  as a p e r f e c t  absorber and does n o t  r e r a d i a t e .  
i n  Eq. (7), f o r  a given shock l a y e r  temperature d i s t r i b u t i o n  are evaluated 
numerically using t h e  s p e c t r a l  absorpt ion c o e f f i c i e n t s  descr ibed i n  Sec. 3. 
The quadratures  
2.2 INTEGRATION OF MOMENTUM EQUATION 
I n  t h i s  ana lys i s ,  so lu t ions  t o  the  momentum equat ion are obtained i n  an 
approximate manner by  means of an i n t e g r a l  method. 
r e s u l t i n g  from t h i s  approximate so lu t ion  are then  used t o  solve the  spec ies  
con t inu i ty  and energy equat ions by means of a modified f i n i t e  d i f fe rence  
method ( R e f .  8) .  
f a c t  t h a t  t h e  momentum equat ion i s  weakly coupled t o  t h e  spec ies  con t inu i ty  
and energy equat ion.  Approximate ve loc i ty  and p r o f i l e s  can r e s u l t  i n  
accu ra t e  spec ies  concentrat ion and t o t a l  enthalpy p r o f i l e s  i f  t he  spec ies  
con t inu i ty  and energy equation are solved by f i n i t e  d i f f e rences  or a 
s i m i  lar  m e t  hod. 
The v e l o c i t y  p r o f i l e s  
The j u s t i f i c a t i o n  for t h i s  method of so lu t ion  res t s  on t h e  
I n  ca r ry ing  out  t h e  i n t e g r a l  method of so lu t ion ,  t h e  momentum equat ion i s  
i n t e g r a t e d  across  t h e  shock l a y e r  t o  ob ta in  an i n t e g r o - d i f f e r e n t i a l  equat ion 
i n  one independent va r i ab le .  The i n t e g r a l s  are evaluated by assuming t h a t  
t h e  v e l o c i t y  p r o f i l e  i n  the shock l aye r  can be represented  by s u i t a b l e  poly- 
nomials. Before the  x-momentum equation i s  i n t e g r a t e d  ac ross  t h e  shock 
layer, t h e  viscous terms can be  manipuhked i n t o  a form which i s  more conven- 
i e n t  for i n t e g r a t i o n .  Carrying out  the manipulation r e s u l t s  i n  
I - u ' p ' u '  
The in t eg ra t ion  of the  x-rnoflenturr, equations follows c lose ly  L& work of 
Maslen and Moecke1 (Rei'. 9 ) ,  where a d d i t i o n a l  d e t a i l s  of t h e  i n t e g r a t i o n  
technique are presenied. 
of the  x-momentum t o  rewr i te  t h e  pressure  grad ien t  term i n  a form s u i t a b l e  
for i n t eg ra t ion .  For t h i s  purpose, the  y-momentum i s  reduced t o  
The y-momentum equation i s  used i n  the  i n t e g r a t i o n  
s ince  t h e  pressure grad ien t  terms a r e  h igher 'o rder  t e r m s .  The terms which 
have been neglected i n  Eq. ( 2 )  a r e  O ( p  ) w i t h  r e spec t  t o  the  x-momentum 
e quat ion.  
-2  
I n  the  ana lys i s  t o  follow, the  va r i ab le s  are now nondimcnsionalized i n  t h e  
f 'ollowing manner : 
U '  u = -  
urn 
X '  
R '  
5 = -  
Y '  Y > T  
6 '  6 = -  
R '  
- 6 '  6:- 
R '  
- 
u = l + u y  
10 
LOCKHEED PAL0 ALTO RESEARCH LABORATORY 
L O C K H E E D  M I S S I L E S  & S P A C E  C O M P A N Y  
A G R O U P  D I V I S I O N  OF L O C K H E E D  A I R C R A F T  C O R P O R A T I O N  
The compress ib i l i ty  e f f e c t s  can be reduced s i g n i f i c a n t l y  by in t roducing  
t h e  Dorodnitzyn va r i ab le  defined by 
I n t e g r a t i o n  of the momentum equation across  t h e  shock l a y e r  and transforma- 
t i o n  i n t o  the 1, 5 var i ab le s  r e s u l t s  i n  t h e  fol lowing i n t e g r o - d i f f e r e n t i a l  
equat ions .  
moment um 
- +  -- + -  - 9 7  (1 + 6 4 1  I1 - (1 + 6 s i n  8 
d5 dx6 
dll [ du 
W 
r d5 W 
where 
f = U/U6 
11 
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In addition, the following approximation was used to obtain the second term 
in the momentum equation: 
The velocity profile is assumed to be representable by a polynomial in ‘ll 
where the coefficients are functions of the streamwise variable 5 .  The co- 
efficients are determined from boundary conditions applied at the wall and 
immediately behind the shock. The shock-boundary conditions are the usual 
Rankine-Hugoniot relations which can be expressed as follows: 
= sin 4 sin E + i cos 4 sin u6 
v6 = sin c$ sine - i cos 4 cos E 
P6 = (1-p)  cos2 c$ 
A fifth-order polynomial is used to represent the velocity profile. 
v i-o 
Sufficient boundary conditions are specified so that the coefficient ai can 
be expressed in terms of known quantities evaluated at the wall and behind 
the shock wave, and the shock-detachment distance. The integrated momentum 
equation is used to determine the shock-detachment distance. The six boundary 
conditions used to determine the velocity profile coefficients are as follows: 
(1) u = 0, q = 0 
( 2 )  u = U 6 ,  Il = 1 
12 
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(4) Momentum equation evaluated a t  the w a l l  
(5 )  w = W 6 ’  7 = 1 
(6) f ”  = 0, 7 = 1 
Primes denote d i f f e r e n t i a t i o n  w i t h  respect  t o  T.  
2.3 SPECIES CONTINUITY EQUATION 
The con t inu i ty  equat ions (Eq. (4) ) f o r  the numerous spec ies  considered i n  
t h i s  a n a l y s i s  a r e  not  solved e x p l i c i t l y .  
approach (Ref. 10) i n  which the  species con t inu i ty  equation for each element 
i s  satisfied. Once the  elemental  concentration i s  known, the  concentrat ion 
of t he  molecular, atomic and ion ic  species a r e  determined by means of an  
equi l ibr ium thermodynamic ca l cu la t ion  (Sec. 3) .  
Ins tead  w e  adopt t he  elemental  
In  the  present  ana lys i s ,  four elements a r e  considered, viz., oxygen, ni t rogen,  
carbon and hydrogen. 
cu la r ,  atomic and ion ic  species  by the following r e l a t i o n s .  
The elemental  concentrations a r e  r e l a t e d  t o  the  mole- 
o2 + Mo,cocco (20) c; = co + co+ + c 
+ ‘C2 + %,CN ‘CN + MC,CO ‘CO C? = cc + cc+ 
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c- H H  = c + cH+ + c H2 + %,C2H 'C2H -+ %,C3H 'C 3 H 
The coe f f i c i en t s  M are equal  t o  the  number of grams of element i p e r  
gram of  species  j .  
i , j  
The cont inui ty  equation f o r  
i ng  the  cont inui ty  equat ion 
z t l l  species j wnicn contain 
elements are as fol lows:  
each of the  elements can be dbtained by mult iply-  
f o r  species  j (Eq. 4)  by M i t j  and summing over 
the  element i. The j spec ies  which conta in  i 
TABLE I 
i element j spec ies  
C o  : 0, o+, 02, co 
c- : N N, N+,  N2, CN, CHN 
C ,  C + ,  C CN, CO, C2H, C H, C q H ,  C2H2y CHN 
2' 3 
H, H+, H2, C2H, C H,  C4H, C2H2, CHN 
3 
CE : 
c- * H '  
Carrying out t he  summation and by using Eqs. (2O-23) ,  t h e  elemental  spec ies  
con t inu i ty  equation can be w r i t t e n  as (one f o r  each element i) 
s i n c e ,  ba r r ing  nuclear  t ransformations,  2 M, Ci, = 0. Since w e  have t h a t  
J I , J  J c cy ;i 1,only th ree  equat ions of t h e  type  Eq. (24) are independent. The t h r e e  
Y I 
elements chosen t o  be descr ibed  by Eq. (24)  were 0, N, and C .  
sary t o  assume t h a t  t he  e f f e c t i v e  b inary  d i f f u s i o n  c o e f f i c i e n t  i s  t h e  same f o r  
Now it i s  neces- 
each species .  
equation f o r  element and t o  assure  g loba l  mass conservation. 
f o r  t h e  element oxygen, it i s  assumed t h a t  t h e  e f f e c t i v e  b ina ry  d i f fus ion  
This  assumption i s  necessary t o  der ive a species  cont inui ty  
For example, 
15 
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2 
c o e f f i c i e n t  of 0, O+, 0 and CO are i d e n t i c a l .  Since the d i f f u s i o n  coef f ic -  
i e n t s  a r e  inve r se ly  propor t iona l  t o  the square roo t  of t he  reduced molecular 
weights, ( i . e .  ?I M i  + M./% Mj 
2 
t h i s  approximation i s  acceptable  as long as 
J 
the  molecular weights of the  species  a re  similar. One can then choose an 
average d i f fus ion  c o e f f i c i e n t  which i s  r ep resen ta t ive  of t he  a c t u a l  d i f fus ion  
c o e f f i c i e n t s .  When l i g h t  elements a re  present ,  such as hydrogen i n  the  
p re sen t  case,  t h i s  approximation i s  q u i t e  poor. However, s ince  one purpose 
of the present  ana lys i s  i s  t o  develop a method f o r  i nves t iga t ing  the  e f f e c t  
of a b l a t i o n  products on the r a d i a t i v e  and convective heat  t r a n s f e r ,  the  
approximation i s  conservat ive.  This  i s  the  case because the  concentrat ion 
of hydrogen near  the w a l l  w i l l  be overestimated s ince it w i l l  no t  appear 
t o  d i f f u s e  as fast  as it should. 
A s  an a l t e r n a t i v e  t o  using a b ina ry  d i f fus ion  c o e f f i c i e n t  we can def ine  an 
elemental  d i f fus ion  c o e f f i c i e n t  as 
ac . 
An a p o s t e r i o r i  check may be made on an assumed I$ a f t e r  the d i f fus ion  eq- 
a t i o n s  a r e  solved. A thermo-chemical equi l ibr ium c a l c u l a t i o n  i s  performed 
1 
t o  supply the  ac? needed f o r  t h i s  check. It i s  poss ib le  i n  t h i s  manner t o  5 
s e t  up an  i t e r a t i o n  procedure f o r  t he  spec i f i ca t ion  of %. 
can become qu i t e  complex and w e  resort t o  t h e  approximation discussed above 
Th i s  procedure 
t o  s impl i fy  the  ana lys i s .  With t h i s  approximation, Eq. (24) can be wr i t t en  
as 
Two boundary condi t ions a r e  necessary t o  def ine  the spec ies  concentrat ion 
v a r i a t i o n  across  the  shock l aye r .  
i n j e c t e d  species  concentrat ion i s  zero a t  the  shock. 
condi t ion i s  obtained from a mass balance a t  the  w a l l .  The t o t a l  mass f lux  
a t  the  surface i s  
The f i r s t  boundary condi t ion i s  t h a t  the  
The second boundary 
* where fif i s  the  mass f l u x  of t h e  pyro lys i s  product , a5 i s  the  number of 
grams of oxygen per  gram of pyro lys i s  product ( s i m i l a r  d e f i n i t i o n s  f o r  a;, 
cy" N and a;) and % i s  the mass f l u x  assoc ia ted  with sur face  r eac t ions .  We 
w i l l  consider char r ing  a b l a t o r s  where the  char i s  pure carbon. Only two 
surface reac t ions  w i l l  be considered and these  r eac t ions  w i l l  be assumed t o  
produce carbon monoxide. The surface r eac t ions  considered a r e :  
- 
* The mass f l u x  of the  pyro lys i s  product i s  assumed t o  be a known quan t i ty .  
In  general ,  it can be obtained from an energy balance a t  the  sur face .  
16 
LOCKHEED PAL0 ALTO RESEARCH LABORATORY 
L O C K H E E D  M I S S I L E S  6 S P A C E  C O M P A N Y  
A G R O U P  D I V I S I O N  OF L O C K H E E D  A I R C R A F T  C O R P O R A T I O N  
~ ____ ~ ~~ ~~ 
so t h a t  
Mass balances a t  the  surface for the  elements y i e l d  
In  terms of t he  transformed var iab les  5 ,  7 ,  t he  elemental  species  con t inu i ty  
equation i s  
where the  mass f lux ,  normal t o  the  surface,  w a s  replaced by the  following 
expression obtained by in t eg ra t ing  the g loba l  con t inu i ty  equation. 
The quan t i ty  Io (?) i s  defined by 
nn(l 
Io = 1 fdq to 
Eq.  (32) i s  of the form 
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The so lu t ion  f o r  Cy i s  
rn F2dq 
J o  
( 3 6 )  
7 - 
cy = 6, [F~ joL1e  dTl + FICle- 1
where the  constants  of i n t eg ra t ion  ( C  
boundary condi t ions discussed previously.  
and C ) are determined from t h e  two 1 2 
2.)+ ENERGY EQUATION 
Tt .  i s nnmprarhz.t ECTP c2~~:eciect  Ir, C s i - i - j - l i i g  UUL ilie riurriericai so lu t ion  to re-  
wr i te  t he  energy equation i n  terms of t o t a l  enthalpy.  
equat ions (Eqs. (U), ( 1 2 ) )  with t h e  energy equat ion w r i t t e n  i n  terms of t h e  
s t a t i c  enthalpy (Eq. ( 5 ) )  r e s u l t s  i n  
combining the  momentum 
The d i f fus ion  term, which r ep resen t s  t he  t r a n s p o r t  of  enthalpy by d i f f u s i o n ,  
r equ i r e s  discussion.  Although one can argue t h a t  t h e  d i f f u s i o n  c o e f f i c i e n t  f o r  
each species  i s  similar, t h e  en tha lpy  f o r  each spec ies ,  h '  v a r i e s  widely for 
t h e  species  considered. Hence, it becomes necessary t o  eva lua te  the  en tha lpy  
t ranspor ted  by d i f fus ion  by each spec ies  j .  
j' 
The evaluat ion of t he  spec ies  concent ra t ion  g rad ien t s  p re sen t s  some d i f f i -  
cul t>y.  The gradien ts  can be w r i t t e n  as 
4 




where we have neglected the  e f f e c t  of pressure on t h e  grounds t h a t  t he  temp- 
e ra tu re  grad ien ts  are much l a r g e r  than pressure grad ien ts .  
The quan t i ty  a C  . / aT '  can be determined from equi l ibr ium r e l a t i o n s  and Eqs. 
(20-23). 
a C j / a T '  are presented i n  Appendix A. 
a C j / a C ?  i s  not so s t r a i g h t  forward and presents  some d i f f i c u l t y .  
assumes t h a t  a C j / a C i  = 0 f o r  a l l  j species which do not  appear i n  the  group 
f o r  t he  i element (Table I),  the  gradients  can a l s o  be determined from the  
equi l ibr ium r e l a t i o n  and Eqs. (20-23). By means of t he  ana lys i s  presented 
i n  Appendix A, t he  energy equation can be wr i t t en  as 
J 
The equi l ibr ium r e l a t i o n s  and the  method used t o  determine 
The determination of t he  quant i ty  
I f  one 
r '  a" a" a p '  a h '  a ( u f  '/2) 
r '  ax 1 
+ 1' ay p '  - ( u '  - + ii v '  a y '  W 
4 (39) 
The energy equation i s  solved numerically i n  the  same manner as the  d i f fus ion  
equat ion .  The pe r t inen t  s t eps  a r e  ind ica ted  by Eqs. (32) t o  (36).  The 
r equ i r ed  boundary condi t ions are given by the  value of t h e  t o t a l  enthalpy a t  
the  w a l l  and a t  t h e  shock. 
q u a n t i t y  . 
The w a l l  enthalpy i s  assumed t o  be a known 
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Section 3 
GAS PROPERTIES 
3.1 NUMBER DENSITY AND THERMODYNAMIC PROPERTIES 
A thermo-chemical equilibrium computer program (FEW) was util ized to provide 
equilibrium compositions and thermodynamic properties for the gaseous mix- 
Lures as a f'unction O S  enthalpy and pressure. For its operation, curve fits 
of the free energy function -(Fo-Ez)/RT and entropy S/R are supplied for 
each of the species that are to be considered (Ref. 11, 12). The equilibrium 
composition is then that one which gives the minimum free energy for the 
mixture at a given temperature and pressure. 
of the mixture is known, the required thermodynamic properties of the mix- 
ture can then be computed using equations of classical thermodynamics. 
Once the species concentration 
The equilibrium composition for the nylon-phenolic pyrolysis products was 
investigated. 
representation is obtained by considering 1-5 species viz. C, C2, H, H2, N, 
N2, 0, 02, CN, CO, C2H, C,H, CqH, C2H2, and CHN. A comparison is shown in 
Fig .  2 between considering l5 and 41 species, respectively, for nylon phenolic. 
The same comparison is shown in Fig. 3; this time considering a 50% nylon 
phenolic, 50% air mixture. 
At the lower temperatures (2500°K, P = 1 ATM) an accurate 
3 
0 At higher temperatures (7000 K, P = 1 ATM) dissociation becomes more promin- 
ant and ionization occurs. The low temperature species no longer suffice to 
give an accurate description. For the range of temperatures above 7000 K, 
P = 1 ATM. that are of interest in this study, the important species to be 
considered now number twelve viz. C, C+, e ,  H, H+, N, N+, 0, 0+, CN, CO, and 
0 
20 
l oo  
15 SELECTED SPECIES 
2 . 0  3 .  0 4.0 
TEMPERATURE ( O K  x 
5 . 0  
Fig. 2 Equilibrium Composition for Complete Pyrolysis of Nylon Phenolic 
1 Atm Pressure  
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L 41 SPECIES 
Fig. 3 Equilibrium Composition for  Mixture of 50% by M a s s  of A i r ,  and 50% by Mass 
of Nylon Phenolic 1 Atm Pres su re  
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and N2. 
temperatures.  Since the  shock l a y e r  w i l l  experience a l a r g e  range of temp- 
e r a t u r e s  from the  w a l l  t o  t he  shock, there  w i l l  be some por t ions  of t h e  l a y e r  
descr ibed b e t t e r  by the  low temperature spec ies  and some b e t t e r  by the  high 
Figures  4 and 5 dep ic t  t h e  equi l ibr ium composition a t  t h e  higher 
I 
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temperature species .  The c r i t e r i o n  used, t o  determine which of the  sets of 
species  i s  t o  be considered, i s  the  compressibi l i ty  of t h e  gaseous mixture.  
The value c fcompress ib i l i ty  used i s  1 .5 .  A t  t h i s  value,  t h e  d i f f e rence  
between equi l ibr ium compositions of the major spec ies ,  as predic ted  by using 
t h e  two d i f f e r e n t  s e t s  of spec ies ,  i s  l e s s  than 0 . 1  percent .  
3.2 TRANSPORT PROPERTLES 
Data from Refs. 13, 14 and 15  were used i n  specifying t h e  v i s c o s i t y  and thermal 
conduct iv i ty  f o r  t he  ind iv idua l  n e u t r a l  spec ies .  
descr ibes  the  methods used i n  these references.  
The following paragraph 
The v i s c o s i t y  of a n  ind iv idua l  species  w a s  ca l cu la t ed  by using the  following 
formula (Ref. 16) which i s  a f i r s t  approximation t o  an equat ion developed 
from k i n e t i c  theory 
The c o l l i s i o n  i n t e g r a l s  were obtained by using assumed potent ia l -energy 
func t ions .  
The thermal  conduct iv i ty  of a species  i s  comprised of a t r a n s l a t i o n a l  por t ion ,  
kTR ' 
t h e  i n t e r n a l  degrees of freedom. The t r a n s l a t i o n a l  p a r t  can be wr i t t en  i n  
terms of  the  v i s c o s i t y  a s  
represent ing  t h e  cont r ibu t ion  due t o  
km7 
and an i n t e r n a l  por t ion ,  
TEMPERATURE (OK Y 
Fig. 4 Equilibrium Composition for Complete Pyrolysis of Nylon Phenolic 
1 Atm Pressure  
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Fig. 5 Equilibrium Composition for Mixture of 50% by Mass of Air,  and 50% by Mass 
of Nylon Phenolic 1 Atm Pressure 
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The i n t e r n a l  por t ion  of the  t h e m 1  conduct iv i ty  can be  expressed by us ing  
an Eucken-type cor rec t ion ,  i . e .  
4 c 8  (- -"+-) 'rn = k~~ 15 R 5 
The d i f fus ion  c o e f f i c i e n t  i s  given i n  terms of t h e  c o l l i s i o n  i n t e g r a l s  for 
d i f fus ion  (Ref'. 16) .  
The d i f fus ion  c o e f f i c i e n t s  were ad jus t ed  so as t o  include t h e  e f f e c t  of con- 
s i d e r i n g  an e f f e c t i v e  b ina ry  spec ie s .  When r e a l i s t i c  extremes of t h e  mole- 
c u l a r  weights were t r i e d  f o r  t h e  e f f e c t i v e  b ina ry  spec ies  t h e r e  w a s  a small 
percentage d i f f e rence  i n  t h e  e f f e c t i v e  d i f fus ion  c o e f f i c i e n t .  This occurs  
s ince the  d i r fus ion  c o e f f i c i e n t  i s  inve r se ly  propor t iona l  t o  t h e  square r o o t  
o r  t h e  reduced molecular weight, i . e .  D j i  a [ M j M i / M i + %  ]-1/2 which i n  t u r n  
i s  r e l a t i v e l y  i n s e n s i t i v e  t o  the  value of Mi. 
e f f e c t i v e  b inary  species  was then  chosen t o  be t h e  same as atomic oxygen 
(16) as a mean value.  
port prope r t i e s  a s  the  diatomics.  For the  ions ,  t h e  equat ions descr ibed  
above were used with the  necessary c o l l i s i o n  i n t e g r a l s  be ing  suppl ied by 
Ref. 17. 
The molecular weight of t h e  
The polyatomics were assumed t o  have t h e  same t r ans -  
A cubic polynomial was used t o  curve f i t  t h e s e  da t a  f o r  use i n  the  computer 
program. These r e s u l t s  are shown i n  F igs .  6, 7 ,  and 8. 
Ref. 18 gives approximate formulae and t h e  r igorous  k i n e t i c  theory formula- 
t i o n  €or  t r anspor t  p rope r t i e s  of a mixture .  As  d i scussed  i n  R e f .  18, t h e  
approximate formulae are q u i t e  accura te  and consequently,  are employed i n  
t h e  pyesent ana lys i s .  
thermal conduct ivi ty  a r e  
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Fig. 8 Equivalent Binary Diffusion Coefficient at 1 Atm Pres su re  
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I 
k =  c 
I I 
(44) 
Fig.  9, taken from Ref. 17, shows a comparison of t h e  P rand t l  number of a i r  
obtained by using t h e  above equat ions,  with t h e  r e su l t s  of Hansen ( R e f .  19) .  
Section 4 descr ibes  an approximate vers ion  of  t he  shock-layer so lu t ion ,  i . e . ,  
one which uses thermodynamic and t r anspor t  p rope r t i e s  of a i r  i n  the  so lu t ion  
of t h e  d i f fus ion  equat ions.  The curve f i t s  given i n  R e f .  20 were used f o r  
t h i s  purpose. 
3 .3  ABSORPTION COEFFICIEXITS 
The r a d i a t i v e  energy t r a n s f e r  within the  shock l a y e r  depends c r i t i c a l l y  on 
the absorpt ion c o e f f i c i e n t  of the  gas p a r t i c l e s .  The absorp t ion  c o e f f i c i e n t  
i s  dependent on the  nature  of t he  gas p a r t i c l e ,  i t s  number dens i ty ,  temp- 
e r a t u r e ,  and the  r a d i a t i o n  frequency. The absorp t ion  c o e f f i c i e n t s  u t i l i z e d  
i n  the  present  ana lys i s  a r e  summarized i n  F ig .  10. A l l  of t he  important ab- 
sorp t ion  c o e f f i c i e n t s  summarized i n  F ig .  10 a r e  given by simple a n a l y t i c a l  
expressions i n  terms of the p a r t i c l e  number dens i ty ,  temperature,  and t h e  
r a d i a t i o n  frequency. The expressions are used t o  eva lua te  the  r a d i a t i o n  f l u x  
gradien t  term i n  the  energy equat ion.  
The continuum absorpt ion c o e f f i c i e n t s  due t o  bound-free and f r ee - f r ee  t r a n s i -  
t i o n s  f o r  the  n e u t r a l  and s ing ly  ion ized  atoms of carbon, n i t rogen ,  and oxygen 
were obtained from t h e  theory  of Biberman (Ref.  21) and Armstrong e t  a1 
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Fig. 9 Prandtl  Number for  Equilibrium A i r  at Atmospheric Pressure 
(Taken F rom Ref. 17) 
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t r a n s i t i o n s  from the  higher exc i t ed  states while Armstrong's d e t a i l e d  
quantum-mechacical ca l cu la t ions  are used t o  provide c ross -sec t ions  f o r  
photon absorpt ion due t o  t r a n s i t i o n s  from the  ground and low ly ing  exc i t ed  
s t a t e s .  
The absorpt ion c o e f f i c i e n t  f o r  t he  atoms and ions i s  w r i t t e n  as the  sum of 
the  ind iv idua l  species  absorpt ion coe f f i c i en t s  
where t h e  term i n  the  f irst  bracket  accounts f o r  induced emission. The ab- 
sorp t ion  c o e f f i c i e n t  of the  oxygen ion i s  assumed t o  be equal  t o  t h a t  of the 
n i t rogen  ion.  This approximation i s  acceptable  s ince  these  ions cont r ibu te  
l i t t l e  t o  the  t o t a l  absorpt ion coe f f i c i en t  except a t  t h e  higher f requencies  
where t h e  r a d i a t i o n  from the shock l aye r  gas i s  l i k e l y  t o  be blackbody. 
An examination of t he  molecular absorption c o e f f i c i e n t s  f o r  a i r  given i n  
Refs. 23,  24, and 25 shows t h a t  the only important a i r  molecular absorpt ion 
c o e f f i c i e n t s  i n  terms of absorbing rad ian t  energy from the  high temperature 
region a r e  the  0 Schumann-Runge continuum and the  N Birge-Hopfield band. 
The absorp t ion  c o e f f i c i e n t s  f o r  t he  various species  a r e  presented i n  Ref. (1) 
and i n  Appendix B. 
2 2 
A pre l iminary  inves t iga t ion  w a s  done t o  determine which of the  molecular band 
systems and continua of the  ab la t ion  products would be s i g n i f i c a n t  i n  absorp- 
i n g  and emi t t ing  r ad ia t ion .  Table I1 gives t h e  maximum equivalent  absorpt ion 
c ross -sec t ion  f o r  each of the  cont r ibu tors  of the  a b l a t i o n  products.  
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1 10-~9 
6 x io-18 
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4 x 
5 x 
1 x lo-22 
2 x 
3000°K r e s u l t s  used 
Omitted as be ing  n e g l i g i b l e  
3000°K r e s u l t s  used 
3000°K r e s u l t s  used 
v,,l.,. cIbcu ELS ' u e i i i g  neg i ig ib i e  
3000°K r e s u l t s  used 
jOOO°K r e s u l t s  used 
6000 '~  r e s u l t s  used 
Omitted as be ing  n e g l i g i b l e  
3000°K r e s u l t s  used 
Omitted as being n e g l i g i b l e  
Omitted as be ing  n e g l i g i b l e  
Omitted as being n e g l i g i b l e  
60OOOK r e s u l t s  used 
n - 2  IL- ;I 
The absorpt ion c o e f f i c i e n t s  f o r  molecular band systems of diatomic molecules 
present  i n  t h e  a b l a t i o n  products  were computed us ing  a "smeared l i n e  model" 
presented by Patch, Shackleford,  and Penner ( R e f .  26). 
average s t rength  ( t h e  f -va lue)  of a band i s  given by  a continuous exponent ia l  
d i s t r i b u t i o n  i n  frequency i n  which t h e r e  i s  no d i s t i n c t i o n  between t h e  var ious  
branches of a given band. I n  cases  where the  l ack  of spectroscopic  data pre- 
c ludes more detai l ,  t he  average s t r e n g t h  of a t r a n s i t i o n  or groups of t r a n s i -  
t i o n s  i s  uniformly d i s t r i b u t e d  over t h e  p e r t i n e n t  s p e c t r a l  i n t e r v a l .  The 
requi red  Franck-Condon f a c t o r  and f -va lues  f o r  t h e  bands were taken from t h e  
I n  t h i s  model t h e  
34 
open l i t e r a t u r e  (Refs. 27 through 49). 
taken from Ref. 50 i s  given i n  Table 111. 
A summary of t r a n s i t i o n  s t r eng th  
TABLE I11 (From Ref. 50) 
TRANSITION STRENGTHS 
Band System Spectroscopic 
or  Process Nota t ion f 
H2 Werner 
f Photoionization Cent. XI C' 
C2 Swan A 3 I I g - X f 3 1 I u  
I X '  3 I I u  
g 
Fox- Her zb e r g B 3 I I g  
Mulliken 
Freymark 








CO Fourth Pos i t ive  0.017 
The form of the  equations used i n  Ref. 50 i s  
where - 
V = wave number 
= e lec t ron ic  f-value 
= Franck-Condon f a c t o r  f o r  the  t r a n s i t i o n  from 
e l  
q (v '  , V I ' )  
t he  lower v i b r a t i o n a l  s t a t e  v" t o  upper vibra- 
t i o n a l  s t a t e  v '  
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P(I" ,v")  = Boltzmann f r a c t i o n a l  population of t he  v"-th 
v i b r a t i o n a l  l e v e l  i n  the  I"- t h  (lower) e l e c t r o n i c  
s t a t e  
G ( v ' ) ,  G(v")= v i b r a t i o n a l  term 
Be", VB = spectroscopic  constants  
The cont r ibu t ion  of t he  given band system t o  the  t o t a l  absorpt ion c o e f f i c i e n t  
i s  given by 
According t o  Ref. 50 t he  molecular continua i s  d i f f i c u l t  t o  t r e a t  i n  general ,  
b u t  s ince H molecular photoionizat ion con t r ibu te s  t o  the  t o t a l  absorpt ion 
c o e f f i c i e n t ,  t he  e f f e c t  of H t hv 4 H+ t w a s  included i n  the  ca l -  
c u l a t i o n .  The assumption e n l i s t e d  w a s  t h a t  t he  c ross  sec t ion  i s  a func t ion  
only of the  k i n e t i c  energy of the  e j e c t e d  e l ec t ron .  From Ref. 50 t h e  t o t a l  




o*(G,T) = P(1" = l ,v")(J(E)  (48) 
v '  V'l 
2 '  The funct ion o ( E )  i s  obtained from experimental  measurement on H 
For use i n  t he  computer program the  e f f e c t i v e  absorpt ion c ross -sec t ions  
were cu rve - f i t .  From the  range of temperatures f o r  which r e s u l t s  were a v a i l -  
ab l e ,  the  temperature which y ie lded  the  h ighes t  absorp t ion  c o e f f i c i e n t  f o r  
a p a r t i c u l a r  band or continuum w a s  used. This has the  e f f e c t  of g iv ing  a 
conservative est imate  f o r  t he  absorp t ion  e f f e c t  of' t he  ab la t ion  products .  
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Section 4 
NUMERICAL METHOD 
The numerical so lu t ion  t o  the  conservat ion equat ion involves  a r a t h e r  
complex i t e r a t i o n  method. It i s  necessary t o  assume t h e  value of s eve ra l  
parameters i n  order  t o  obta in  a so lu t ion  t o  the  conservat ion equat ions.  
With t h e  so lu t ion  based on the  assumed values;  the ~ c c i ~ r z c ; .  sf t he  l i > l t l ; L l l y  
assumed values can be checked. One can then i t e r a t e  u n t i l  s a t i s f a c t o r y  
convergence i s  obtained.  
A t  t he  s tagnat ion po in t ,  a t o t a l  enthalpy p r o f i l e ,  t h e  transformed standoff 
d i s t ance  6, and the  phys ica l  s tandoff  d i s t ance  6 are assumed. With these  
t h r e e  quari t i t ies  known, t h e  appropr ia te  boundary condi t ions ,  t he  v e l o c i t y  
p r o € i l e  c o e f f i c i e n t s ,  a and hence the  ve loc i ty  p r o f i l e  can be evaluated.  
A t  t h e  s tagnat ion po in t  it i s  assumed t h a t  t he  shock i s  concent r ic  wi th  t h e  
body. Now the  s t a t i c  enthalpy and the  pressure  v a r i a t i o n  ac ross  t h e  shock 
layer can be evaluated.  The t h r e e  elemental  spec ies  con t inu i ty  equat ion 
are now solved by successive approximations (Eq. 36).  With t h e  above infor -  
malion, the as.-umed valuec: of' 6 and 6 can be checked by means of Eqs. (13-15). 
The so lu t ion  i s  i t e r a t e d  u n t i l  converged values  f o r  s and 6 have been ob- 




The energy equation can now be solved t o  ob ta in  a new t o t a l  enthalpy pro- 
f ' i l e .  The e n t i r e  ca l cu la t ion  procedure i s  repea ted  u n t i l  a l l  q u a n t i t i e s  
have converged. The so lu t ion  downstream of t h e  s t agna t ion  po in t  proceeds i n  
a s i m i l a r  manner with the  except ion t h a t  t h e  shock detachment d i s t ance ,  6 ,  
i s  assumed t o  be  a known funct ion  01' t he  sur face  d i s t a n c e .  Since 6 i s  arsumed 
known, one equat ion (Eq. 13) i s  not  used i n  t h e  downstream so lu t ion .  This 
equation i s  used a p r i o r i  t o  ob ta in  a new shock detachment d is tance .  One 
can i n  p r inc ip l e ,  i t e r a t e  on the  shock shape t o  obta in  the  so lu t ion  around 
the  body. 
The above mentioned i t e r a t i o n  scheme requi res  about f i v e  minutes of Univac 
1108 running time f o r  each enthalpy i t e r a t i o n .  It w a s  reasoned t h a t  it w a s  
t he  many equi l ibr ium ca lcu la t ions  performed ins ide  the  % and 6 loops, i . e . ,  
those whose purpose w a s  t o  determine thermodynamic and t r anspor t  prop- 
e r t i e s  f o r  use i n  the  d i f fus ion  equations,  t h a t  cont r ibu ted  excess ive ly  t o  
the  requi red  running t ime. 
t r anspor t  p rope r t i e s  of a i r  in s ide  t h i s  loop, which has the  e f f e c t  of r e l i e v i n g  
the  burden of r e p e t i t i v e  equi l ibr ium ca lcu la t ions  i n  the  2 and 6 cycle .  
equi l ibr ium ca lcu la t ions  were s t i l l  performed, bu t  only when requi red  f o r  
t h e  r a d i a t i v e  f luxes  and p rope r t i e s  i n  the  energy equat ion.  This i s  commen- 
su ra t e  with the  main purpose of t h i s  study which . i s  t o  include r e a l i s t i c  
number d e n s i t i e s  i n  the  r ad ia t ion  ca lcu la t ion .  The t i m e  required f o r  an 
enthalpy i t e r a t i o n  was reduced t o  two minutes and the  convective and radia- 
t i v e  hea t  t r a n s f e r  agreed t o  wi th in  f i f t e e n  percent  of t h e i r  exact  values,  
< . e . ,  t h e  values  obtained when equi l ibr ium gas p rope r t i e s  a r e  used through- 
out .  What t h i s  approximate vers ion  amounts t o  i s  t h a t  the  momentum and 
d i f fus ion  equations a r e  solved using the  p rope r t i e s  of a i r ,  while the  energy 
equat ion i s  solved using the  p rope r t i e s  of t he  equi l ibr ium gas mixture. The 
use  of exac t  thermodynamic and t ranspor t  p rope r t i e s  i n  the  so lu t ion  of the  
energy equation i s  des i r ab le  s ince  t h i s  i s  the  most c r u c i a l  equation i n  the  
a n a l y s i s .  
A study was made of using thermodynamic and 
The 
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DISCUSSIOR OF RESULTS 
The shock l a y e r  s t r u c t u r e  a t  t he  s tagnat ion  po in t  of a nylon phenol ic  
sphere with a nose r ad ius  of 1 f t .  has been determined f o r  a f l i g h t  v e l o c i t y  
of 41,000 fps  and an a l t i t u d e  of 180,000 f t .  
( p ~ ) ~  
(pu)m. 
been omitted i n  these  so lu t ions .  Surface chemical r eac t ions  w i l l  be included 
i n  add i t iona l  so lu t ions  which w i l l  be obtained i n  the  near  f u t u r e .  Addition- 
a l  f l i g h t  condi t ions w i l l  a l s o  be considered. 
The sur face  mass i n j e c t i o n  ra te ,  
was taken t o  assume values  up t o  5% of t h e  f r e e  stream mass f lux ,  
Chemical r eac t ions  between the  char and the  shock l a y e r  gas have 
Velocity,  enthalpy and elemental  spec ies  concentrat ion p r o f i l e s  are 
shown i n  F ig .  12 with and without mass i n j e c t i o n .  The decrease i n  the  t o t a l  
enthalpy i n  the  i n v i s c i d  region of t he  shock l a y e r  i s  due t o  r a d i a t i o n  cool- 
ing.  The much l a r g e r  grad ien t  near  t he  w a l l  i s ,  of course,  due t o  viscous 
e f f e c t s .  The elemental  species  concent ra t ion  p r o f i l e s  show t h a t  f o r  t h e  
cases  considered, t he  composition o€ t h e  shock l a y e r  gas i s  almost i d e n t i c a l  
t o  a i r .  Specie,; concentrat ion p r o f i l e s  a r e  shown i n  F ig .  13.  The spec ies  
not presented i n  F ig .  1-3 were omit ted s ince  t h e i r  mass concentrat ions were 
t o o  small t o  be included. 
The monochromatic o p t i c a l  depth for seve ra l  f requencies  i s  presented  
i n  F ig .  1 4 .  These r e s u l t s  show t h a t  t h e  shock l a y e r  gas i s  h ighly  absorbing 
i n  t h e  vacuurii u l t r a v i o l e t  (hv % 1 3  ev) and e s s e n t i a l l y  t r anspa ren t  i n  t h e  
i n f r a r e d  (hv M 1 e V )  and v i s i b l e  (hu M 10 e V )  p a r t  of t h e  spectrum. 
corresponding monochromatic hea t  f l u x  i s  presented  i n  F ig .  1 5 .  An i n t e r e s t -  
ing  f ea tu re  of t h i s  f i g u r e  i s  t h e  behavior  a t  hv = 14.3  eV. 
edge loca ted  a t  t h i s  frequency causes a s t e p  increase  i n  the  absorp t ion  
coe f€ ic i en t  which r e s u l t s  i n  the  gas behaving b lack  a t  a d i s t ance  c l o s e r  t o  
the  surface.  Due t o  t h e  non-isothermal s t r u c t u r e  of t h e  shock l a y e r  t h i s  
l oca t ion  corresponds t o  a lower temperature .  The gas r a d i a t i n g  as a black 
body a t  t h i s  lower temperature r e su l t s  i n  a s t e p  decrease i n  the  r a d i a t i v e  
heat  €lux t o  t h e  sur face .  
The 
The ion iza t ion  
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. 
I ' 
NORMAL DISTANCE, y/d 
Fig. 14 Monochromatic Optical Depth (See Fig. 1 2  for Flight Conditions) 
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Fig. 15 Monochromatic Surface Heat Flux (See Fig. 12 for Flight Conditions) 
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Convective and r ad ia t ive  heat  t r a n s f e r  r e s u l t s  a r e  presented i n  
Table I V  and Fig .  16. 
Table I V  
U, = 41,000 f t / s e c  h = 180,000 f t  R = l f t  
Boundary Layer 
Theory (Ref. 51) Present Solut ion 




1,800 1,979 1,443 634 209 206 qC 
- 
* - qR 795 80 4 763 755 7 57 
* BTU/ft2sec 
%+ Neglecting the  absorbing proper t ies  of the in j ec t ed  molecules 
When mass i n  i n j e c t e d  i n t o  the  shock l aye r  t h ree  separate  e f f e c t s  
in f luence  the  surface r a d i a t i v e  heat  f l u x :  1) an increase  i n  shock l a y e r  
th ickness  ( see  Table I V )  which tends t o  increase  the  f l u x ,  2 )  a change i n  
the  temperature p r o f i l e  which ind ica tes  t h a t  more of the  shock l a y e r  emits 
a t  a lower temperature which tends t o  decrease t h e  f lux ,  and 
of molecules i n  the vapor l a y e r  which absorb the  inc ident  r ad ia t ion  which 
tends  t o  decrease the  f l u x .  
t o  increase  the  r a d i a t i v e  f lux .  For the  higher  mass i n j e c t i o n  cases ,  the  
n e t  e f f e c t  w a s  t o  reduce the  r ad ia t ive  f l u x .  For the  cases  considered, 
however, the  pyro lys i s  product vapor l aye r s  were too  t h i n  t o  s i g n i f i c a n t l y  
a f f e c t  t he  r a d i a t i v e  f l u x .  
l e s s  than  1% due t o  t h e  absorbing proper t ies  of t he  vapor l aye r .  
so lu t ions  f o r  l a r g e r  i n j e c t i o n  r a t e s  a r e  cu r ren t ly  being obtained. 
3) an add i t ion  
For a 1% mass i n j e c t i o n  r a t e  t he  ne t  e f f e c t  w a s  
Even a t  a 5% i n j e c t i o n  r a t e  the  reduct ion w a s  
Addit ional  
The d i f fe rence  i n  the  convective hea t ing  between the  boundary-layer 
r e s u l t s  of Ref. 5 l a n d  the present  so lu t ion  can be p a r t i a l l y  a t t r i b u t e d  t o  
t h e  d i f f e r e n t  thermodynamic and t r anspor t  p rope r t i e s  u t i l i z e d  i n  the  
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Fig. 16 The Effect of Mass Injection on Surface Heat Flux (See Fig. 1 2  
for Flight Conditions) 
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r e spec t ive  so lu t ions .  The equi l ibr ium proper ty  of a i r ,  as ca l cu la t ed  by 
Hansen (Ref. 19) was employed i n  Ref. 5 1. Fig. 9 i s  a comparison of the  
t o t a l  P rand t l  numbers used i n  t h e  respect ive so lu t ions .  The reduct ion i n  
convective hea t ing  t o  the  surface due t o  mass i n j e c t i o n  i s  demonstrated 
i n  Fig. 16. 
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APPENDIX A 
ENERGY FLUX FOR A MULTICOMPONENT GAS 
The energy f lux  f o r  a multicomponent r e a c t i n g  gas i s  given by (Ref. 52) 
where the esl 'ect ive b inary  mixture approximation has been employed. 
The concentrat ion of spec ies  j may be expressed as a func t ion  of t he  pressure ,  
temperature, and the  elemental  concent ra t ions .  Noting t h a t  t he  pressure  
grad ien t  i s  a second order  e f f e c t  and can be  neglected,  t he  spec ies  concentra- 
t i o n  gradien t  can be w r i t t e n  as 
I 4 I 
The energy f l u x  then becomes 
4 
I n  o rde r  t o  wr i te  the  energy f l u x  i n  terms of t he  s t a t i c  enthalpy g rad ien t ,  
consider  the mixture enthalpy which i s  given by 
h '  = c C.h '  
j J j  
It may be wr i t t en  i n  a func t iona l  form as  
h '  = h ' (Cy ,T ' )  
54 
( A - 4 )  
(A- 5 )  
D i f f e r e n t i a t i n g  t h e  enthalpy with respect  t o  y g ives  
From Eq.  (A-4)  we  can obta in  the  following r e l a t i o n s h i p s  
ac . - -  
S u b s t i t u t i n g  Eqs. A-7 and A-8 i n t o  Eq. A-6 y i e l d s  
4 
Solving f o r  t h e  temperature grad ien t  gives 
4 
where we have def ined C '  t o  be 
P 
By means of Eq. ( A - l o ) ,  t h e  energy f lux  becomes 
4 ac .. ac- 4 k' 
P 
[$$ - -x h j  
i-1 j i=l j 
g '  =-c' 
( A - 7 )  
(A- 10) 
(A- 11) 
( A - 1 2 )  
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where 
Now, by def ining a F'randtl and L e w i s  number by 
C'p '  P =-p 
k' r 
6C'D' Le, =--pj 
J k '  
the  energy f l u x  can be wr i t t en  as 
a c .  ac-i 
1 i-1 j 
(A-14)  
(A- 15 )  
(A- 16) 
To evaluate  t h e  concentrat ion change w i t h  temperature,  which appears i n  t h e  
del ' in i t ion of C 
d i f € e r e n t i a t e d  a t  constant  pressure  and elemental  concent ra t ion .  A l l  t h e  
equi l ibr ium reac t ions  are considered t o  take  the  fol lowing form: 
( A - 1 1 )  and k ' (A-13) ,  t he  equi l ibr ium r e l a t i o n s  are 
P 
( A - 1 7 )  
where the A .  represent  t he  spec ies  and n t h e i r  s to ich iometr ic  c o e f f i c i e n t s .  




where the  P.' are t h e  p a r t i a l  p ressures  and K ' ( T )  i s  t h e  equi l ibr ium cons tan t  
(only a funct ion of temperature) .  
f r a c t i o n s  gives  
J P 
Wri t ing Eq. (A-18) i n  terms of mass 
The equi l ibr ium constant  i s  approximated a s  a funct ion of temperature by 
the  following equat ion 
log  K I ( T ' )  = a ' +  <'/T' (A- 20) 
P 
where a' and b' a r e  constants .  
For t he  "low temperature" spec ies  there  a r e  seven independent equi l ibr ium 
r e l a t i o n s  of t he  form of Eq. (A-19)  and fou r  e lemental  conservation equatio-ns 
of t h e  form given by Eqs. (20-23). These eleven equat ions a r e  used t o  
descr ibe  the  eleven species  considered. For t h e  "high temperature" species  
t h e r e  a r e  e i g h t  independent equi l ibr ium r e l a t i o n s  of t h e  form of Eq. (A-19) 
and fou r  elemental  conservation equations t o  descr ibe the  twelve species  
considered. These equations are d i f f e r e n t i a t e d  with r e spec t  t o  temperature 
(a t  cons tan t  pressure  and elemental  concentrat ion)  t o  form a s e t  of coupled 
equat ions  f o r  t he  requi red  a C  . / a T 1  de r iva t ives  i n  both  the  "low temperature" 
and "high temperature" regions.  
J 
Since t h e r e  a r e  e lemental  concentrat ion gradien ts ,  t he  energy f l u x  conta ins  
a term propor t iona l  t o  the  rate of change of an ind iv idua l  species  concen- 
t r a t i o n  wi th  respec t  t o  the  elemental  concentrat ions.  The assumption i s  
made t h a t ,  unless  a species  i s  contained e x p l i c i t l y  i n  an elemental  mass 
fractTon,  i t s  de r iva t ive  with respec t  t o  that elemental  mass f r a c t i o n  i s  
zero.  For example, i n  the  "low temperature" region,  a C  /aC- i s  taken t o  
be zero  while aC,,/aC- i s  not  s ince the  l a t te r  appears e x p l i c i t l y  i n  the  
d e f i n i t i o n  of C- while the  former does not .  
spec ie s  contained i n  t h e  elemental  mass f r a c t i o n .  
H N  
N 
The following t a b l e  shows the  N 
57 
LOCKHEED P A L 0  ALTO RESEARCH LABORATORY 
1 O C K H E E D  M I S S I L E S  6 S P A C E  C O M P A N Y  
A G R O U P  D I V I S I O N  OF L O C K H E E D  A I R C R A F T  C O R P O R A T I O N  
Table A - l  
Species j 
Element i 
"Low Temperature "High Temperature" 
c, Ct, CN, co 
- 
H H, H+ 
- 
N N, N2, CN, CHN N, N+, N2, CN 
The equations de f in ing  the  m a s s  f ' ractions,  i . e .  t h e  summation of t h e  j 
spec ie s  e n t r i e s  for t he  i element i n  Table A - 1 ,  are d i f f e r e n t i a t e d  wi th  
r e s p e c t  t o  the  elemental  mas:; fraction:; .  
For example, t,he expression €or  aC /aC- in the  "low temperature" region i s  
- 




Through the equi1 ibr i .m r e l a t i o n s ,  i . e . ,  Eq. (A-lg) ,  t h e  C can be expressed 
i n  terms oi' fou r  independent spec ie s .  For the  " l o w  temperature" spec ies  the  
atoms a r e  used as the  independent spec ies  and f o r  t h e  "high temperature" 
spec ies ,  the ions  a r e  used as t h e  independent spec ie s .  For example, t h e  ex- 
press ion  f o r  C i n  t he  "low temperature" reg ion  i s  
j 
c2 
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(A-22) 
where C 
t he  equi l ibr ium r e l a t i o n s  ( a t  constant  pressure  and temperature) t h e  
i s  considered t o  be t h e  independent quant i ty .  By d i f f e r e n t i a t i n g  C 
a C  may be  formed where the  prime ind ica t e s  t h a t  t h e  spec ies  i s  one of t h e  -4 ac 
d 





ac tc  c ' C  
Eq. (A-21) may be manipulated t o  y i e l d  an e x p l i c i t  expression for ac t c  
(A-23 ) 
The r equ i r ed  de r iva t ives ,  a C . / a C y  f o r  t h e  remaining spec ies  may then be 
expressed i n  terms of a C  !/aC?, v i z . ,  
J 1  
J 
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The absorpt ion coe f f i c i en t s  f o r  the  var ious species  were obtained from 
Refs. (21) and (22) and a r e  l i s t e d  below f o r  the  ind ica ted  i n t e r v a l s .  
r e l a t i o n s  for the  a i r  species  are as fol lows:  
The 
5,, 5 , ,  Si = quantum-mechanical co r rec t ion  f a c t o r  (Fig.  B-1)  
4.22 s hv I 10.8 
(4.2219-x) 
(4.22/e-x) 
( M V ) N  = (Eq.  (B- l ) ) e  
(xV), = ( E q -  ( ~ - 2 ) ) e  
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- L'( w__ - = 5.16 x i o  
The absorpt ion c o e f f i c i e n t s  f o r  molecular oxygen Schumann-Runge continuum 
were obtained from the  r e s u l t s  of Evans and Schexnayder (Ref. 24) 
24 the  au thors  d iscuss  t h e  approximate formula of Sulzer-Wieland aiid poin t  
out  i t s  def ic iency  a t  e leva ted  temperatures (T = 10,OOO°K). A t  lower temp- 
e r a t u r e s  where t h e  molecular oxygen i s  present  i n  a gas mixture i n  chemical 
equi l ibr ium, the  approximate r e s u l t s  of Sulzer-Wieland given below are ade- 
quate f o r  p re sen t  purposes. 
I n  Ref. 
= 1.49 x 10- 0.0975)]1'2 exp [-tanh (7) 0 * 0975 x (m) hv-8.56 2 ] 
V 
(B-11)  
The absorp t ion  c o e f f i c i e n t  f o r  the nitrogen Birge-Hopfield band w a s  obtained 
from r e s u l t s  of R. Allen (Ref. 2 5 ) .  The c ross  sec t ion  f o r  T = 7000 0 K was 
approximated and used t o  obta in  the following expression f o r  t he  absorpt ion 
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c o e f f i c i e n t .  
(B-12) exp [- Ihv - 13.6 + (1 - *) o 603 I 1 * 3 ] M = 1 . 2  x 10 
V 
The e f f e c t i v e  c ros s  sec t ions ,  def ined by 
for t he  two molecules discussed above a r e  presented i n  Fig.  11. 
The continuum absorpt ion c o e f f i c i e n t s  f o r  n e u t r a l  and s ing ly  ion ized  carbon 
atoms were determined from a method s imi l a r  t o  t h a t  used f o r  n i t rogen  and 
oxygen atoms. Biberman's theory w a s  used t o  c a l c u l a t e  the  f r e e - f r e e  con t r i -  
bu t ion  and the  free-bound cont r ibu t ions  from the  higher  exc i t ed  s t a t e s .  
Photoionization c ross -sec t ions  r e s u l t i n g  from d e t a i l e d  quantum-mechanical 
ca l cu la t ions  were ava i l ab le  f o r  t he  low ly ing  exc i t ed  s t a t e s ,  Ref. (53) ,  
and ground s t a t e  of n e u t r a l  carbon, Ref. ( 5 4 ) .  
f o r  various frequency i n t e r v a l s  a r e  l i s t e d  below. 
The absorp t ion  c o e f f i c i e n t s  
0 5 hv 3.78 
3.78 5 hv 7.08 
-(& - 3.78/6) ' C  
7 i 5 3  ( M ~ ) ~  = 1.33  Nc 8 e 
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where 
(,+, 5 C = quantum-mechanical correction factor (Fig. B - l )  
-17 e - %-8.51/0) 
= 2.2 x 10 
Yc,2 Cc 
-17 e - q- lop ) 
(P,,~ = 8.5 x 10 
CC 
- (XC- 18.5/0 ) 17 e = 6.8 x 10- 
%+,I CC+ 
) 
-2-68/0 + 5(e -i.265/0 + e-4.18/0 C c = 9 + e  
C = 6 + 1 2 e  -5.33/8 
C+ 
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